Using separableKN − πΣ potentials in the Faddeev equations, we calculated the binding energies and widths of the K − pp, K − ppn and K − ppp quasi-bound states on the basis of three-and four-body Alt- 
I. INTRODUCTION
The dynamics of antikaon interacting with nucleons and nuclei is one of the current challenging problems in strangeness nuclear physics. TheKN interaction at low energy is strongly attractive and generates the Λ(1405) resonance (abbreviated as Λ * ) as a quasi-bound state embedded in the πΣ continuum below theKN threshold. Thus, one expects unusual, interesting phenomena to be observed when the antikaon is injected or stopped in nuclei. Theoretical interests inK-nuclear bound states were triggered by the works of Akaishi and Yamazaki (A-Y) looking forK bound states in several few-body systems [1] [2] [3] [4] , which were predicted to be not only deeply bound but also unusually shrunk. In addition to the lightest possible antikaon-nucleus system, K − pp, a series of proton-rich K − bound systems were predicted [2] , which can be called kaonic nuclear clusters ("KNC"). The proton and neutron distributions in KNC's were studied extensively using antisymmetrized molecular dynamics (AMD) method by Dote et al. [3, 4] . Subsequently, theoretical studies of KNC's, especially of K − pp, were developed by using different models and methods to solve the three-body system [5] [6] [7] [8] [9] [10] [11] . These calculations have shown essentially that the K − pp system is bound below the break-up threshold in agreement with A-Y's original prediction [2] , though some differences between different predictions remain. Very recently, Maeda et al. [12] has carried out Faddeev and Faddeev-Yakubowsky calculations for the three and four body systems,KNN,KNNN,KKN andKKNN, with varied elementary potentials, overviewing their binding energies, densities and shapes.
It was found and emphasized in refs. [13, 14] that the essential ingredient in KNC's is the
The strong binding force in KNC's originates not only from the directKN interaction, but also from the exchange integral arising from the "Platz-Wechsel" (place-exchange) effect a la
Heitler-London type mechanism [15] for hydrogen molecular bonding. This multi-body attraction was named "super-strong nuclear force" [13] .
Parallel to the theoretical activities, experimental searches for KNC's have been carried out, but so far, most of the trials are not conclusive. The FINUDA group at DAPHNE first reported a K − pp-like peak in the invariant-mass spectrum of Λ − p that were emitted in K − capture by light targets [16] , but this result was poor in statistics, and moreover, its interpretation of the observed spectrum in terms of a single Lorentzian peak without background component to yield a binding energy of B K = 115 ± 7 MeV and a width of Γ = 67 ± 14 MeV was questioned [17] .
In 2007 a theoretical study of the structure of K − pp and its formation in the d(π + , K + ) reaction and in the p + p → K + + K − pp reaction was performed [14] . The former method followed a well-known hypernuclear formation, but the formation probability of K − pp was calculated to be about 1 % as much as the quasi-free background component. With such a pessimistic prediction and the non-availability of a suitable beam line and detection system no experimental trial had been challenged untill a recent J-PARC E27 experiment [18] . Concerning the other method using the p + p reaction, a very exotic formation mechanism was theoretically revealed in contrast to the conventional pessimistic expectation. In such a high-energy collision a large momentum around 1.6 GeV/c is transferred to the formed system, and thus, the sticking of K − to the involved nucleus should be enormously small. On the contrary to the pessimistic view, the calculated cross section for K − pp was found to be as large as the free production of Λ * = Λ(1405). The reason for this surprising paradoxical consequence is that the formed state K − pp is a condensed object in which Λ * and p are bound with high internal momenta, which can be populated by high-energy shortrange collisions of p + p. The produced Λ * is in the short proximity of the participating proton in the collision. A small working group (M. Maggiora, K. Suzuki, P. Kienle and T.Yamazaki) was formed to examine this surprising hypothesis using large amounts of existing exclusive data of p + p → p + Λ + K + reactions, taken by the DISTO collaboration at Saturne of Saclay. In the conventional view, where the K − pp is not dense, no such reaction will take place. Only when the K − pp were unusually dense, a peak comparable to the free emission of Λ * would be observed.
In 2010 the DISTO group published the discovery of a gigantic peak in [19] using the data at the incident energy of T p = 2.85 GeV. Its mass was found to be M X = 2267 ± 2(stat) ± 5(syst)
MeV/c 2 , and a binding energy of B X = 105 MeV and a width of Γ X = 118 ± 8(stat) ± 10(cyst)
MeV were deduced. Recently, another report on the same reaction, but with an incident energy of 2.5 GeV was reported by the same group [20] . The observed absence of the peak X at the T p = 2.5 GeV was interpreted as being due to the incident proton energy too low to produce the Λ * doorway. More recently, the HADES group at GSI reported absence of X at the incident energy of 3.5 GeV [21] . This was interpreted to be due to the too high incident energy, which made the collision dynamics to sit outside the favorite Dalitz zone of double resonance that was realized at
We believe it to be vitally important to extend the theoretical and experimental search to fourbody KNC's. In the present study, we solve the Alt-Grassberger-Sandhas (AGS) equations for KNN andKNNN with an early phenomenological model ofKN interaction by applying our approach based on the coupled-channel AGS equations developed in [6, 22] . This paper is composed as follows. In sect. II, we first give a brief recapitulation of the threebody equations and then present the formula corresponding to the four-body equations. The inputs for the AGS system of equations are given in sect. III. A discussion of the results can be found in section IV. Finally, we summarize our conclusions in sect. V.
II. FORMULATION OF THE PROBLEM

A. Three-body AGS equations
In the present work, we employ the three-and four-body Faddeev equations in momentum space, using the Alt-Grassberger-Sandhas form [23] . Three-body Faddeev equations [6] in the AGS form are given by
where the operator K is the two-body t-matrix embedded in three-body system. Here, the Faddeev partition indices i, j = 1, 2, 3 denote simultaneously a spectator particle and, an interacting pair while the particle indices α, β = 1, 2, 3 denote the three-body channels.
We use these Faddeev equations to solve theKNN − πΣN three-body system. Depending on the two nucleon spin and isospin, we should treat the K − pp or K − d systems. The calculation scheme, which formally allows an exact solution, is based on the separable approximation of the appropriate integral kernels. The separable approximation of the kernel of the Faddeev integral equation permits one to represent the dynamical equations in terms of particle exchange diagrams [22] . The key ingredient of the quasi-particle method [24, 25] is the separable representation of the off-shell scattering amplitudes for the two-and three-body systems. We have to introduce also the separable representation for the three-body amplitudes and driving terms, which will be necessary to find the pole position ofKNN system. For this purpose we apply the Hilbert-Schmidt expansion (HSE)
where the form factors u α n;i,I i (p, ǫ) are taken as the eigenfunctions of the kernel of eq. (1), with the eigenvalues λ n (ǫ).
The separable form of the Faddeev transition amplitudes is given by
where the functions ζ n (ǫ) obey the equation
Then using the separable approximation for the Faddeev amplitudes and driving terms in (1), the Faddeev equations take the form
The AGS equation of (5) is a Fredholm type integral equation. To find the resonance energy of the three-body system using these equations, we should transform the integral equations into algebraic ones and then search for a complex energy at which the first eigenvalue of the kernel matrix becomes equal to one. Before we proceed to solve the AGS equations for both (KNN) s=0,1 systems, the operators involving two identical baryons should be antisymmetric. The baryon spins do not enter explicitly in the three-body equations because the total spin s remains unchanged in the process. In the K − d case, the spin component is symmetric, then all operators in isospin base should be antisymmetric. In the case of K − pp the spin component is antisymmetric. Thus, all operators in isospin base should be symmetric.
B. The four-bodyKN N N equations
In four-bodyKNNN system, there is three identical nucleons, therefore, the four-body equations forKNNN system are reduced to three sets of integral equations. As it is shown in fig.   1 , the whole dynamics is described in terms of the Faddeev amplitudes, which connect the three channels characterized by the following partitions
We need all possible amplitudes connecting the initial state, consisting of the 3N bound state ( 3 He) and a free kaon, with all three channels listed in (6) via particle or two-body quasi-particle
The four different rearrangement channels of theKN N N four-body system including the K-and H-type diagrams are represented. Antisymmetrization of three N 's is to be made within each channel.
exchange. The four-body Faddeev amplitudes obey a set of three coupled integral equations, whose structure is represented by the following matrix equation
Here, we take into account only the dominant s-wave part of the interaction in the two-body subsystems and thus in the three-and four-particle states. Therefore, in all expressions, we drop the index L = 0. The explicit analytical form of the transition amplitudes between the channel states, taking into account the spin and isospin degrees of freedom, are given by
where the operators A αβ,ss ′ II ′ ,nn ′ are the four-body Faddeev amplitudes, ζ γ n -functions are represented by eq. (4) and the operators R αβ,nn ′ sI,sI ′ are driving terms, which describe the effective particle-exchange potential realized by the exchanged particle between the quasi-particles in the channels α and β, which can be written as
Here, the symbols Ω ss ′ II ′ are the spin and isospin Clebsch-Gordan coefficients, the functions u α,s n,I
are the form factors that generated by the separable representation of the sub-amplitudes appearing in the channels (6) and z is given as 
where m is exchanged particle or quasi-particle mass and the reduced masses M α and M α in the channel α of the [3+1] subsystem are defined by
and in the case of the [2+2] subsystem are given by
The meaning of the driving terms R αβ,ss ′ II ′ ,nn ′ is explained schematically by the diagrammatic representation in fig. 2 . By cyclic permutation of the nucleons, one can obtain various relations between the different driving terms R αβ,ss ′ II ′ ,nn ′ . For example, by applying a combination of a cyclic permutation within an antisymmetrized NN-state, one obtains for the transition 2 → 3 the relation
where the coefficient 2 in the term R 23 2 comes from the identity of the nucleons. Before we proceed to solve the four-body equations, we also need as input the equations describing two independent pairs of interacting particles (KN) + (NN). The corresponding equations read in our case
Here, the operators Y (14) is shown in fig. 3 . Analogously to the treatment in the previous subsection, R 12 u KN u KN the separable form of the amplitude can easily be found
where the functions u sI n;i are the eigenfunctions of the kernel of eq. (14).
The conversion of the four-body equations to a numerically manageable form is yielded by expanding the two-and three-body Faddeev amplitudes in eqs. (1) and (14) into separable series of finite rank N r . For to make a separable representation for these subsystem amplitudes, one can use the energy dependent pole expansion (EDPE) [26] or the Hilbert-Schmidt expansion [25] . The desired approach in this work is the Hilbert-Schmidt expansion (HSE). The inputs for the driving terms of equation (9) are two-body t-matrices, embedded in the four-body Hilbert space and the form factors, which are defined in eqs. (5) and (16) . Before we proceed to solve the AGS equations (8), we should antisymmetriz the basic amplitudes with respect to the exchange of the nucleons for which we follow mainly the work of [22] .
III. TWO-BODY INTERACTIONS
All two-body interactions are taken in s-wave and separable form. Thus, in the case of separable two-body potential we have Here, α and β enumerate two-body channels and p α is the c.m. momentum in the corresponding channel. The two-body t-matrices that serve as input for the three-and four-body problem are all taken in the separable form for a given partial wave
where E is the total energy, λ αβ are the coupling strength parameters of the interaction and the form factors are defined by g α (p α ).
TheKN interaction, which is the most important interaction for theKNN andKNNN systems, is usually described either by pure phenomenological or by chirally motivated potentials.
In our Faddeev calculations, we use two different effective interactions for the coupled-channel KN − πΣ interaction that, having a one-and two-pole structure of the Λ(1405) resonance. The potentials that we use here for theKN interaction are given in ref. [27] . The parameters of the coupled-channelKN − πΣ potential were fitted to reproduce all existing experimental data on the low-energyKN system and the fitting was performed by using physical masses inKN and πΣ channels with the inclusion of the Coulomb interaction.
The s-wave ΣN interaction in the I = 1/2 isospin state is coupled with ΛN channel, therefore, we used an optical potential for ΣN interaction in this isospin state and a real potential for I = 3/2 channel. The parameters chosen for the ΣN interaction were those given in ref. [28] . In this calculation, we use the spin independent version of ΣN interaction.
In our three-and four-body study for singlet and triplet NN interaction, we choose a poten-tial of PEST type [29] , which is a separablization of the Paris potential. The coupling strength parameter was set to λ = −1 and the form factors are defined by
where the constants c N N n,I and β N N n,I are listed in ref. [29] . PEST potential is equivalent to the Paris potential for energies up to E lab ∼ 50 MeV. It reproduces the deuteron binding energy 
IV. RESULTS AND DISCUSSIONS
Because [KNN] I=1/2,J π =0 − is the most important subsystem of the four-bodyKNNN system, in fig. 4 we demonstrated how well a finite sum (2) may represent the exact amplitude. Thus, we calculated the ratio of the Schmidt norm for
of the operators
where
is given by the sum (2) containing only the first N r terms. One can see that the rate of convergence is not very effective, but appears to be sufficient for the practical calculation. As a starting three-and four-body calculation, we calculated the binding energies and widths of K − pp and K − ppn quasi-bound states using a one-channel complexKN potential [6] . During these calculations, we considered theKN potentials with the parameters λ [30] . In table I, our results for the binding energy of the K − pp and K − ppn related to these data, and using β I = 3.5 fm −1 , are represented. In table I we performed a calculation for the one-channelKNN system using a one-channel complexKN potential. For these data, we found a quasi-bound state for K − pp and K − ppn below the threshold. 
In the following we present the results for the binding energy of theKN andKNN in table II for the one-and two-pole version ofKN − πΣ interaction. The binding energies forKN in table II are just a bit different from those given in the original ref. [27] . The reason is that the above calculations were performed with averaged masses and without Coulomb interaction while the fitting to the experimental data was performed with physical masses and Coulomb interaction.
At the beginning, we solved eq. (5) Faddeev AGS calculations performed with the phenomenological potentials from ref. [27] . The potentials V SIDD One−pole and V SIDD T wo−pole areKN − πΣ potentials, which produce the one-and two-pole structure of the Λ(1405) resonance, respectively. The binding energies (real part of the pole) are measured from the thresholds. too. The quasi-bound states resulting from the energy-dependent potentials happen to be shallower, this is due to the energy dependence of the interaction. The energy-dependent potential will provide a weakerKN attraction for lower energies than the energy independent potential under consideration in this work. A definitive study of the K − pp quasi-bound state could be performed through fully exclusive formation reaction, such as the in-flight 3 He(K − , N) reaction. This was performed at J-PARC [33] . As a next step, we will develop the four-body Faddeev AGS equations to make a practical calculation of the cross section of kaon-induced strange-dibaryon production reaction. In the present study, we have calculated K − ppn and K − ppp quasi-bound state positions
